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Emergent Behavior in Heart Cells
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Arrnythmia afflicts more than 3 million Americans alone
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Existing Models

* Detailed ionic models:
— Luo and Rudi: 14 variables
— Tusher, Noble? and Panfilov: 17 variables
— Priebe and Beuckelman: 22 variables
— lyer, Mazhari and Winslow: 67 variables

 Approximate models:

— Cornell: 3 or 4 variables
— SUNYSB: 2 or 3 variable
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Threshold-Based Switching Functions

* Arithmetic Generalization of Boolean predicates u £ 0:

- Step: H*(u,6,0,1), H-(u,0,0,1) =1-H*u,6,0,1)
- Sigmoid:  S*(u,6,k,0,1), S(u,6,k,0,1) =1-S*(u,0,k,0,1)
- Ramp: R*(u,0,,0,,0,1), R(u,0.,60,,0,1) =1-R*(u,0,6,0,1)

* Boolean algebra generalizes to probability algebra:
~(u<6): H(u,68,0,1) =1-H*(u,0,0,1)
(us<l,) & (vs=6,): H*(u,8.,0,1)* H*(v,0,,0,1)
(u<=6, | (u=6,: H*(,6,,0,1)+ H*(v,0,,0,1) - H*(u,0,,0,1) * H*(v,0,,0,1)

» Generalization: H*(u,6,u,,,uy), S*(u,6,k,u_,u,, , R*(u,0,,6,,u.,u,,)

Si (uie,klum’uM) - Um+(UM'Um)S+(U,k, e)
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Gene Regulatory Networks (GRN)

* GRNs have the following general form:

m;

nm
y I I +
xi — Z amnS ('xmn, 5 gmn > kmn 5 umn 3 an ) o bixi

m=1 n=1
where:
a, : areactivation /inhibition constants
b.: are decay constants

s*(..): are possibly complemented sigmoidal functions

* Note: steps and ramps are sigmoid approximations
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u=VDOVu)-(J,+J,+J,)

J; = -H" (u,6,0,1) (u—0,)u,—uy/z,

J, = -H (u,0,0,1) ws/t,

J = H 0,0, u/7z, +H (u0,0,1)/7,

v = H (u,60,0,1)(v,—v) /7, —H (u,6,0,1)v /7,
& = H u,0,,0,)(w, —w)/ 7. —H ,0,,0,)w/z"

& = (S"(u,u,k,0,1)—s)/71,
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Cornell’s Minimal Resistor Model

u
._ -H" (1,0,,0,1) (u—0)u,-uy/z,
H"(u,6,,0,1) ws/t,

= H (u,0,0,1) u/7r, + H (u,0,,0,1)/ 7

H (u,6,0,1) (v, —v) /7, —H (u,0,0,1)v /7,
H (u,6,,0,))Yw, —-w)/7, —H (u,0,,0,1)w/7
& = (S"(u,u,k,0,1)—s)/71,

V(DVu)-(J,+J;+J,,)
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Cornell’s Minimal Resistor Model

u=VDOVu)-(J,+J,+J,)
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1) (u—@v)(uu—u)v/rﬁ

) ws/ T,

= H (u,0,0,1) u/7r, + H (u,0,,0,1)/ 7

= H u,0,,0,1) (v, —v) /7, —H"'(u,0,,0,1)v /7
= H (u,6,,0,)(w,—w)/ 7. —H ,6,,0,)w/7"
= (S"(u,u,k,,0,1)—s)/7,
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e Nonlinear
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Slow Input
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Voltage-controlled resistances

Piecewise
Constant

T, = H+(ua‘9v_97v_197v_2)
t, = H w0 ,7,,7,)

. = H wo,r,7,)

0O

—_ _ + — — —_ .
., =S8 Wk u, 7,,7T,)

+ — — — —
4 — S (u7k Z/15077“-501’7“1902)

SO kYo R4

v, = h (4,6,,0,1)
= h ,6,,0,)) 1-u/z,,) + h'u,0,,0,w.)

WOO
0; u. Hw Hv USO us uu
| L | | s 4
v v v v v v
0.006 0.03 0.13 0.3 0.65 0.9087 1.55



STONY
Voltage-controlled resistances

Piecewise
Constant
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t, = H w0 ,7,,7,)

. = H wo,r,7,)

z, = Sk u,.7,,7,,) Sigmoidal
- ) o O O
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/ 6 <u <6, \
1 “' S &= V(DVu)-ulr,,
hic ™) ®&=-v/7,

> 6, = (w,—w)/ 7, Ju<06,=03

& = (SQk,(u—-u))-s)/7,
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Cornell’s Minimal Resistance Model
/ 6 <u <6, \
1 &= V(DVu)-ulr,,
w=-v/71,
u >0 = (w,-w)/, : u <6 =03
& = (Sk,(u-u))-s)/,
uz=0, u<6,=0.13
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Cornell’s Minimal Resistance Model

" / 0 < u \

ol w=V(DVu)+w—-0,)u,—uyw/t,+ws/z,-1/7,
B=-v/7

| W= -w/71,

&= (SQk,(u— u)) s)/ 7, \/—/

/ 0 <u <6,
& = V(DVu)-u/z,
w=-v/71,

o= (w,—w)/ 7, Ju<0,=03
& = (SQk (u—-u))=s)/7,
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Sigmoid Closure

For ab > 0, scaled sigmoids are closed under multiplicative inverses (division):

S*(u,k,0,a,b)" = S (u,k,0+1n(a/b)/ 2k,b",a")

Proof 2k(u-0) T
1 1+e "
+ -1 _ — —
S (u,k,@,a,b) - . b—a b+ ae 2k(u—0)
14te 2k(u—0)
I 1
:lxa—b+b+ae_2k(”_9):l_ a b _
a b+ ae "% a 14 a o 2ku=0)
I 1 a
= = u,K, T 0
. 2 k(u—(0 lna—lnb)) 2k b a
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Sigmoid Closure

For ab > 0, scaled sigmoids are closed under multiplicative inverses (division):

S*(u,k,0,a,b)" = S (u,k,0+1n(a/b)/ 2k,b",a")

Proof o)
1 l+e "
+ -1 _ — —
S"(u,k,0,a,b)" = . b—a  pigele®
1+ e—2k(u—6)
I 1
:lxa—b+b+ae_2k(”_9):l_ a b _
a b+ae " ™? 14+ & o 2kw-0)
b
I 1 1 a
! a_b : p 11
- - Ina-Inb =S (u’k’9+—,_,_)
a ~2k(u=(0+=——)) 2k b a

l+e -
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Sigmoid Closure

For ab > 0, scaled sigmoids are closed under multiplicative inverses (division):

S*(u,k,0,a,b)" = S (u,k,0+1n(a/b)/ 2k,b",a")

Proof -
1 1+e ™"
+ -1
S (u,k,@,a,b) - . b—a b+ ae 2k(u—0)
1+ e 2k(u—0)
1 1
1 a-b+b+ae*™? 1 a b '
- —x Y. = = O+1In(a/b)/ 2k
a b+ ae 9 a . ae—Zk(u—H)
1 1 a
i P g
- z na—nb_ \) (u’k’9+ —’_’_)
a —2k(u—(0 ) 2k b a
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Removing Divisions using Sigmoid Closure
r, =8 (wk,u,7,.7, & =1/7,= S (u, k', 8,1802)

_ . o+ '
Tso = S (U,k uso9rsol9rso2) Eso _I/TSO =5 (u’kSO’u SO’gSOI’gsoz)

Removing Divisions using H'u6,a,b)" =H (u,6,b™,a™)

g, =1/7,= H (u,0,,8,,8,)
g, =1/7,= H (u,0,,8,.8,)
g =llt,= H (u,0,,8,.8,)

T, = H+(u50;97;197v_2)

= H u8,7,7,)

r.= H u,b,7,,7,)
v, = h (u,0,0,1)
w, = h (u,6,,0,1) 1—ug, ) + h'(u,0,,0,w.)
Tt b 8w
| i > U
v YV VY v v v v v

0.006 0.03 0.13 0.3 0.65 0.9087 1.55
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Conductances Minimal Model

u<é6 =03

u <6 =0.13
u < 6, =0 =0.006
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Conductances Minimal Model
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Conductances Minimal Model
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0, <u
3 w = V(DVu)+u—0,)u, —u)y g, +ws g, — g,
B = -vg
1 = -wg,
& = (s (u,u,2k,0,1)—5) g,
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« Derive a Piecewise Multli Affine model:
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— We want to improve the computational efficiency

« |dentify the parameters based on:

— Data generated by a detailed ionic model
— Experimental, in-vivo data
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— We want to improve the computational efficiency

« |dentify the parameters based on:

— Data generated by a detailed ionic model
— Experimental, in-vivo data
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Optimal Polygonal Approximation

Problem to solve:

Given a nonlinear curve and the desired number of the segments return the
optimal polygonal approximation:

Example:
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with 3 segments ?
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Problem to solve:

Given a nonlinear curve and the desired number of the segments return the
optimal polygonal approximation:

Example: What is the optimal polygonal approximation of the blu curve
with 3 segments ?

Dynamic Programming Algorithm
with Complexity O(P2S)
P the number of points of the curve

S the number of segments
Marc Salotti, An efficient algorithm for the optimal polygonal

approximation of digitized curves, Pattern Recognition Letters
22 (2001), Pag 215-221
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Given a set of nonlinear curves and the desired number of the segments
return the optimal polygonal approximation:

Example: What is the optimal polygonal approximation of the blu and
the red curve with 5 segments ?

But combining the two we obtain 8 segments and not 5 segments
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Global Optimal Polygonal Approximation
Our problem:

Given a set of nonlinear curves and the desired number of the segments
return the optimal polygonal approximation:

Example: What is the optimal polygonal approximation of the blu and
the red curve with 5 segments ?

But combining the two we obtain 8 segments and not 5 segments

Our solution: We modify the optimal polygonal approximation algorithm

to perform the linearization on a set of curves trying to
minimize the maximum error.
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Global Optimal Polygonal Approximation
Our problem:

Given a set of nonlinear curves and the desired number of the segments
return the optimal polygonal approximation:

Example: What is the optimal polygonal approximation of the blu and
the red curve with 5 segments ?

Our solution: We modify the optimal polygonal approximation algorithm

to perform the linearization on a set of curves trying to
minimize the maximum error.
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Deriving the Piecewise Multi Affine Model

."f.- 0, <u < u,) R

< 1—u 7
6, <u<®6, ‘* ( e o
= ?(D’Fu]-& wsg.—E.

v g, g+m(6,—6)R*(u.6,,6,)
-wg; |

, |
L 4 =5 - S* (w1 k)
. s 5 (If.’.kx’us}gﬂ EEIE_F_;"'I | e T _____________S_ l’{ ¢
8 =u<é,

V(DVu)-u g,, u<b,
-V g:-z
W' —w) g .

|
I
|
|
]
|
]
S+[u"k.-. ’u:} g:l —4& S:rl 0 0: : 0 : 0..
-' 0<u<6 K : B
u<@ . u
- u =V(DVu)-ug,
— _
. v =(-v)g,
" w=1(l-ug _—wg,

'i = S+{H"k:"u:} g:] g gﬂj

i
v
W

e F o= R

p




STONY
BRQ\®SK

STATE UNIVERSITY OF NEW YORK

Deriving the Piecewise Multi Affine Model
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Deriving the Piecewise Multi Affine Model
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Deriving the Piecewise Multi Affine Model

3
£ Y
2
_ ="
- _
g "
."Wa &g
.
+ & o=
o v £
= = H_2+
3= vi B leg e
VI @B 1
x = ” nmnon
ve ]l aas
E 1]
= =2 20—
+ v ) )
...I_.:l..r - I %!
SRS W Al
Als®ws| | =
..l...U,W+
B 1 1 &
IO | I | B ||
| —

4 N
&
LT
= =
= o w_ﬂm_
T N =
Vi liz 1%
=~ X S o4 -
.
e 2
ST T nr
I | I | B |
R
. 4
_MU". _mHu.m
v Al
= =
—

.r/_.‘|
&
b
i
— .
i _.-.D.« n..n_u
M W Pt
= | =1 =
@ .
I . _
@ %
I =
Vv e
= = S .
_u__..__u_ =
Vi e =
e v.wwwl.
o B 1T E
nmn oo
= TR

\H"\-




STONY
BRQ\®SK

STATE UNIVERSITY OF NEW YORK

Deriving the Piecewise Multi Affine Model
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1D Cable Comparison
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Multi Affine Model (26 ramps)
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Tip (Multi Affine) Tip (Multi Affine)
o (Ociginal Tip (Original)

-——— -

Original MRM

Multi Affine (26 ramps)
\ 1024x1024 cells 100000 iterations 556 sec. vs. 810 sec.
(GPU Tesla C1060)

Simulation of the Multi Affine Model is
computational efficient (1.43 x)
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Genetic Regulatory Networks

|
| I | | cross-inhibition network
A< < B
' . ' ' r(zi,0;, 0]
a b 1 .
) _ 1 A2 X: protein concentration
o = Kol (Bbs0ss 05 ) = Vo B 0B E g :
. . — 01 02) o 1’ a*>“a®*>~”b>>b i
A R (:Ca, &2 76 Lb threshold concentration ' ——
G. Batt, C. Belta and R. Weiss (2008) Temporal logic ~ Kaks:7a:75 - Tate parameters’ b
analysis of gene networks under parameter I”T
uncertainty A
: C . R
* Find parameters such that network is bistable ¢
0,
— =9 § = N/
’)/a—]-, ’76_27 Ha_87
= (Ka, = [0,40] x [0, 20 "
p (H—H“b)ep [ ] [ ](9%:8, 92:95212 /

1 2
8:1 gn
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enetic Regulatory Networks
» Partition of the state space: rectangles p, cR

IbT :ba — /iar—(xb.. 0;,02) = ’YQ, Xa
Ris Ro3 R33 jj‘b =t /{b'r—(ﬂja, 0}” 92) — Yo T
% - (25,0,,6")
Rl? RQQ R-?)Q 1 g (Eiﬁgﬂgi"

)

=

R - o 6 o
% Differential equation models i = f(x, p), with
o | is piecewise-multiaffine (PMA) function of state variables
o [ is affine function of rate parameters p k_ k,

(multiaffine functions: products of different state variables allowed)
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Specifications of dynamical properties

++ Dynamical properties expressed in temporal logic (LTL)
e set of atomic proposition I1: x; < A;, a; > A
e usual logical operators —¢, @1 A @2, O1V @2, &1 — 2.
o temporal operators X ¢, Fo, Go, ¢ Uds,

! | <]
| . ,
i [ ok \Rli\ Ri| R
a [ f)

bistability property:

b1= (Ta<OAhzy>600—GC (1 < ol Aoap > f}-'f]) R R
Azp < O A za > 02 — G (x5 < 0L Aza > 62))

How to define that the system satisfies an LTL property ?
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< Discrete transition system, Iz (p) = (R, —r.,.Fr), where

flv) f(v?)
o R finite set of rectangles vV € R, f(x) € hull({f(v) | v € Vr} | .i
v - P
e — R p quotient transition relation @2”
« Fr quotient satisfaction relation
R _
M o = oy e A e e Hg:g :"fl[t‘l] f{*"]]
IR B e P R @ — @ ~— @ . - ;
6 ﬂlﬂ 2 : ﬂﬂ“i - ;By " L A Ell .
4 E: i = 5 = - 1 T T
3.21 - ————— r r
oF " Ria Ry 4 Ry~ - . . °
! i L e ' SeiniS R: @ —— @ — @ Ay
g == =% =F | i_ i . h H:EEJ
1 Rii” =" ["Hs - -~ Hs
- e = I’ ) !
% - ru"E'.’a; ® 2 4 % W m R ..-—...- .' .' R
b A — Ray

Riy —r ., Ro1, Roy —5r, A3

p 121, 112 p 1 Lo pl el
Ry Frx.<0,, R Era,<ib,
R]l —R.p R]l*
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Embedding transition system

+ PMA system, >~ = (f.1I) associated with embedding
transition system, 7'y (p) = (Yr,—x,. Fx), Where

¢ 'z continuous state space
o —.xp transition relation
e [=y satisfaction relation

PR S 2 1 3
T r —x 1 T | I
Fa .rj{:y"".ai" P P
A e e e ) -3 '-1
A G t _"'" P Ly { _'1 P {
S 5 L1 1
. }Z X Tq < 'f'?'“ T |=.1' Tp < Hh.h
B PP :
) f” - .I'_]' }: ¥ Ty < Hl J‘_l i:*vf Ty > 6%
14 1 1IE . i
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lterative exploration of parameter space

I | wd
gene network l.;.—|l [l—a. B P P P
e | | —— | I|II
b 2
’ L l_ P P P \
Ta = KaT ™ (Zb, 05, 0) — Ya Xa ;
PMA model iy = KT~ (Ta, {7’{1,‘ 02) — 1 pi P P \
1] = —
. 0. 40 . 0. 20 th . f 1t 2 40 e
intervals for e € 0, 40, o€ 0,20 SYPHIERIS O . discrete abstractions
uncertain parameters 7« = 1, % = 2. 6, =8,  parameter constraints _ _
Hz:l HJ:':
J\T — = R,e - .- e Hy Ria e - e - ™Y Ry
]
R R Ry
N ! !
% T ) i, e = S - Hy Raw = ) - @ Hao
HL- fr.._u i 12 HJ_‘_ .i?_,_. I
specifications " N/
Ry |Ra| R ’ . L '
1 Al N H I'I_.' H'” ™) - - . h‘.” H“ .- .l .l .H;|;|
H‘dl H_ll
" & . l model checking
(ta <0, Axp >0 = G (20 <03 Axy > 6;)) :
b 2 3 9
Mzp < 0y Axe > 05 — G (x4 < O Axy > 07)) Tr(p”) b’éﬁﬁ TR(;{J ) = ¢

No conclusion

Valid parameter set
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Parameter Idenfication for APD

y (@ <u < u) Y "
i YLy ¢ i=26
i = V(DVw) + (B + 3, a”" R (40,00 g; +ws g, — (0" + 3. a"R (1,0,,0,.,))
=12 i=12
vo=—vg,
w=-wk,g,
=26
{: B+ aR ub.6.Ng,—sg,
e
i B, <u<b <
u< E - =12 -
v i = V(DVu)+ " +Y a"R (1,68,
(DVu)+ws g, —( E‘a (u.8..8,,,))
uz6 V=TV,
w=-wkg’
| =1z
'\ = {5’4_2‘.3;3'{“‘9”9“_[}} B —f 80 d/.'
8, = u < 8, \
u = V(DVu)—ug,, <@,
o= —v g, -
=8
Wo= (wl —w) k(B + 3 a R (14.,0,,6,,,) u>8
(=3 L
L4 = +§afﬂ*(mﬂ,,ﬁh_L}] 8o — % &n /
N i=2 v
£ 0<uc<6 N
u = V(DVu)-u g, . . _ ‘ 1]
v = (1-v) g, <10t

|=z I-=2
W= k(0" + 30" R (.0,,6,)— wk, (5 + 3,4 R* (4,6,,6,,,))
i=1 i=1

i=2
'\f = (bs + zd:R+(H=E;' ’E;'+1)) £,—58, _/_)
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Encoding a Property on the APD

Introducing a new state variable for the stimulus:

t g=R"(1,0,0.1,0,1)+ R (1,0.9,1,1,0)

! 5

0) 1 .
Measuring the APD with another state variable: z = R (1,0.3,0.3,0,1)

“ —u | Property: starting with initial conditions
L P — W |~ u=0,w=0.8,v=1.0,5=0.0 the cell will fire
! 5 == | an action potential with APD

| = | between 200 and 300 ms
AN N K LTL FORMULA:

N ) [
06 [ \\ \ j
\ | [

 P=(=0Aw=08Av=10A5=00)-> F(z>200z<300)

04 \ ;

02 | \L/
d

0.5 1 15 2 2.5 3 3.5 4 45 5 x10¢
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Alternans

& Applet Viewer: fourv0d.class = ] [E iij
Applet

Reset ]N[s‘l’s} [20 51 (bel) [350 52 (bel) [700

Replot
Dl =6E5%.9ms

v Voltage

[~ vgate

[~ wgate

[~ s gate

Time {ms) Tatal Time=7¥.74 sec.

Cell types: —= _ZI Current & ascii

Applet started.
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Future Works

« Performing experiments with Rovergene

 Encoding more sophisticated properties

« Discriminate healthy/unhealthy tissues using
model checking
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function [e,a,b,xb] = optimalLinearApproximation(x,y,S)
Input:
x,y: Curves given as an x-points vector and a vector of y-points vectors
S: Number >=2 of desired segments
Output:
e: Errors matrix
a,b: Line-segment-coefficients matrix
xb: x-coordinate at breaking point matrix
Initialization
z, =size(x); P=2z,(2); Getnumber of pointsin each curve
z, =size(y); C=2z,(1); Getnumber of digitized curves
se = zeros(1,C); Initialize vector of errors, one error for each curve
Cost tables
cost =ones(P,S) * inf; cost(30,4) = min cost to pt 30 with 4-segm polyline
error = ones(P,P) * inf; error(i, n) =cached error of line segment (i,n)
cost(2,1) =0; 1-segment-polyline cost of polyline (1,2) =0
Predecessor table
father = ones(P,S) * inf; father(30,4) = pred of pt 30 on a 4-segm polyline

Computation of optimal segmentation
Initialize cost and father for 1-segment-polyline, from pt 1 to all other pts

forp=2:P Traverse all other points
forc=1:C Traverse all curves
se(c) = segmentError(x(1:p), y(c,1:p)); (1,p)-line-segment appr error
end; for c
cost(p,1) = max(se); Maximum error among all curves
father(p,1) = 1; All 1-segment polylines have father point 1
end; for p
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Compute s-segm-polyline cost from point 1 to all other points
fors=2:S Number of segments in the polyline
forp=3:P Next-point-number to consider
minErr = cost(p-1,s-1); minindex = p-1; Error of (p-1,p) =0
fori=s:p-2 Next-intermediate-point to consider
if (error(i,p) == Inf)  Error of line segment (i,n) not cashed
forc=1:C Next curve-number to consider
se(c) = segmentError(x(i:p), y(k,i:p)); (i,p)-segment error
end; for k
error(i,p) = max(se); Maximum line segment error

end; if
currErr = cost(i,s-1) + error(i,p); s-segment-polyline error
if (currErr < minErr) Smaller error?
minErr = currErr; minindex = i; Update error and parent
end; if
end; fori
cost(p,s) = minErr; s-segment-polyline minimal cost
father(p,s) = minindex; Last point's father on the polyline
end; for p
end; fors

[e,a,b,xb] = ExtractAnswer;
end
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function [e,a,b] = segmentError(x,y)
Input:

x,y: Digitized curve-segment as an x-vector and an y-vector

Output:
e: Error of the line segment between the first and last point
a,b: The coeficients defining this segment

Initialization:
z =size(x); P =s(2); Find out the number of points of x,y

Compute 1-segment linear-interpolation of (x,y) coefficients

a =(y(n) - y(1)) / (x(n) - x(1));

b = (y(1) * x(n) - y(n) * x(1)) / (x(n) - x(1));

Compute perpendicular-distance error for above line segment

e=0; Initialize Error

forp=1:P Compute error for the each point on the curve
e=e+(y(p)-a*x(p)-b)’ / (a®+1); Accumulate least square

end;

end
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function [e,a,b,xb] = ExtractAnswer

Output:
e,a,b,xb: As in the output of optimalLinearApproximation

Initialization:
ib = zeros(S,S+1); xb = zeros(S,S+1); yb = zeros(C, S,S+1); Points matrices
a=zeros(C,S,S); b=zeros(C,S,S); er=zeros(C,S,S); Coefficients/error
Extract error and coefficient matrices
fors=S:-1:1  Traverse polyline segments in inverse order
ib(s,s+1) =P; Get last point number
xb(s,s+1) = x(ib(s,s+1)); Get x-value for this point
forc=1:C Traverse all curves
yb(c,s,s+1) = y(c,ib(s,s+1)); Get y-value for this point
end;
fori=s:-1:1  Traverse predecessor points in inverse order
ib(s,i) = father(ib(j,i+1),i); Get predecessor point number
xb(s,i) = x(ib(s,i)); Get x-value for this point
forc=1:C Traverse all curves
yb(c,s,i) = y(c,ib(s,i)); Get y-value for this point
[er(c,s,i), a(c,s,i), b(c,s,i)] = Compute err, a and b for segm (x,y)
segmentError( x(ib(s,i):ib(s,i+1)), y(c,ib(s,i):ib(s,i+1)) );
end
end;
end;
end



